Abstract-
I. INTRODUCTION

B
OOLEAN functions play an important role in the design of cryptosystems. Symmetric Boolean functions have the property that their outputs only depend on the Hamming weight of their inputs. This class of Boolean functions is of interest in cryptography as they allow fast implementation and low space to be stored. Many cryptographic properties of symmetric Boolean functions have been extensively studied, such as balancedness [1] , [8] , nonlinearity [1] , [11] , [14] , resilience [9] , [13] , propagation [1] , algebraic immunity [10] .
Balancedness is a primary requirement for functions in cryptosystems. Gathen and Roche [8] presented all balanced symmetric Boolean functions up to 128 variables. Canteaut and Videau [1] established a link between the period of the simplified value vector of a symmetric function and its algebraic degree. They showed that, for any n-variable symmetric Boolean function f with degree d, the period of its simplified value vector is equal to 2 log 2 d +1 when n ≥ 2 log 2 d +1 (see [1, Th. 1] ). By using this result, it was proved that balanced symmetric functions of degree less than or equal to 7 (excluding the trivial cases) only exist for eight variables. Since the number of nontrivially balanced symmetric Boolean functions seems to be very small, they conjectured that balanced symmetric Boolean functions of fixed degree do not exist when the number of variables grows.
For elementary symmetric Boolean functions, that is homogenous symmetric Boolean functions, Cusick et. al. proposed a conjecture in [5] that there is no nonlinear balanced elementary symmetric Boolean function σ n,d except for n = 2 t +1 l − 1 and d = 2 t , where t and l are any positive integers. The proof of Theorem 3 in [5] implies that σ 2 t+1 l−1,2 t is trivially balanced. Various cases towards this conjecture have been confirmed in [6] , [7] , [12] , and [15] . All of the known results seem to imply that there is no balanced elementary symmetric Boolean function which is nontrivially balanced. 
II. PRELIMINARIES
Let G F(2) n be the n-dimensional vector space over the finite field G F(2) = {0, 1}. Denote by ⊕ the sum over G F (2) . (2) n is a mapping from G F(2) n to G F (2) , which can be represented as a polynomial, called its algebraic normal form (ANF):
The number of variables in the highest order product term with nonzero coefficient is called its algebraic degree. Denote by B n the set of all n-variable Boolean functions. A Boolean function is said to be affine if its algebraic degree does not exceed 1. We call a function nonlinear if it is not affine. The Hamming weight w H (x) of a binary vector x ∈ G F (2) n is the number of its nonzero coordinates, and the Hamming weight
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Because the balancedness of affine functions is easily determined, we only consider the balancedness of nonlinear Boolean functions in this paper.
Definition 1: For any f ∈ B n , we denote by F ( f ) the following value related to the Fourier transform of f .
Hence, a Boolean function f is balanced if and only if F ( f ) = 0. An n-variable Boolean function f (x) is called symmetric if its output is invariant under any permutation of its input bits. Equivalently, the outputs of f only depends on the Hamming weight of its input vectors. Thus a symmetric function f can be represented by a vector
Denote by SB n the set of symmetric Boolean functions in n variables. By following the definitions in [1] , we say an infinite binary sequence a = (a n ) n∈N is periodic with period T if a n+T = a n for all n ∈ N where N is the set of nonnegative integers. Moreover, the n + 1-bit vector
is said to be periodic with period T < n if it is a part of the infinite periodic sequence
[1, Th. 1] and [1, Proposition 4] established some relationships between the simplified value vector and the degree of a symmetric Boolean function, we collect them in the following proposition.
Proposition 1 [1] : Let f ∈ SB n with the simplified
Then v f is periodic with period 2 t if and only if deg( f ) ≤ 2 t − 1 when n > 2 t ; and deg( f ) = 2 t if and only if v f is periodic with period 2 t +1 and is a part of the infinite periodic sequence
We will assume in what follows that n ≥ 2 log 2 d +1 throughout the paper since the degree d must be less that 2 log 2 d +1 . By abuse of notation, we also say that a symmetric Boolean function is periodic if its simplified value vector is periodic.
Definition 2: For positive integers n and d, the elementary symmetric Boolean function σ n,d with n variables of degree d is defined as:
Therefore, the ANF of any n-variable symmetric Boolean function f (x 1 , x 2 , . . . , x n ) can be represented as follows: if for all i (0 ≤ i ≤ n − 1), a i ≤ b i and a b otherwise. To find the residues of binomial coefficients modulo 2, we introduce the following lemma which is a special case of Lucas's theorem [4, p. 79] .
Lemma 1 [4, p. 79 
It follows from Lemma II that n k ≡ 1 (mod 2) if and only if k n.
Definition 3 [1] : Let n be an odd integer and f ∈ SB n . We say that f is a trivially balanced function if
Denote by i the imaginary number √ −1. For a complex z, let |·| denote the modulus of z and arg(·) denote the argument of z, then z can be represented as z = |z| e i arg(z) .
III. ASYMPTOTIC BEHAVIOR OF SYMMETRIC BOOLEAN FUNCTIONS
In this section, we give a positive answer to Canteaut et.al.'s conjecture in the following theorem.
Theorem 1: Excluding the trivial cases, balanced symmetric Boolean functions of fixed degree do not exist when the number of variables grows.
We begin with the following lemma. Lemma 2 [3] : Let f ∈ SB n with degree d and
where
with ξ j = exp iπ j 2 r−1 , and
Remark 1: If f is nonlinear, then r ≥ 2. Note that ξ 2 r − j = ξ j , s 2 r − j = s j , λ 2 r − j = λ j and λ 2 r−1 = 0. We have the following observation on Lemma 2.
where Re(z) denotes the real part of the complex number z. Since s 0 λ n 0 is a real number, we can define
Thus
The following lemma is analogous to [2, Lemma 4.2] where they consider the asymptotical correlation of parity with any symmetric function of odd period. In other words, they characterize the balancedness of f (x 1 , x 2 , . . . , x n ) x 1 for large enough n, where f is an n-variable symmetric function with odd period and x 1 is the least bit of the vector x = (x 1 , x 2 , . . . , x n ). However, we point out that the period of a symmetric function is not odd for n sufficiently large by using Proposition 1. In order to keep this paper self-contained, we present here our modified version of the proof of Cai et al. of [2] .
Lemma 1: Let f ∈ SB n with degree d and r = log 2 d +1. Then there exists an integer n 0 such that for any n > n 0 ,
Proof:
Conversely, suppose that F ( f ) = 0. We first compute the values of t j for all 0 ≤ j ≤ 2 r−1 − 1. Since
we have
Therefore, t j (n) can be expressed as
On the one hand, we clearly have
On the other hand, assume that t j (n) = 0, we will prove that this will lead to a contradiction to the hypothesis F ( f ) = 0. Given any j , note that cos arg(
and the value of s j does not depend on n, then we can choose c j the minimum value of the set 
If s j = 0, we also have t j (n) = 0 and s j = −ξ n j s j . Thus, no matter whether s j is zero or not, it holds that
Remark 2 motivates us to study when s j = −ξ n j s j . This is obtained in the following lemma.
Lemma 2: Let f ∈ SB n with degree d and r = log 2 d +1. If n is odd, then the following properties are equivalent.
1)
Proof: Recall that
The last identity of Equation (9) holds because
has period 2 r . Assume that Property 2) is true. By Equation (9), we have
Hence Property 2) implies Property 1). Assume that Property 1) is true. Then for any 0 ≤ j ≤ 2 r − 1, from Relations (8) and (9), we obtain 
Together with Relation (11) and Lemma 1, it holds that there exists a large enough integer n 0 such that for any n > n 0 ,
Applying Lemma 2 to Relation (12), we obtain that
Since the period of the simplified value vector of f is 2 r , then we can conclude that nonlinear balanced symmetric Boolean functions are trivially balanced for sufficiently large n. Hence, Theorem 1 is proved.
IV. EQUIVALENCE OF CUSICK et al.'S CONJECTURE
Cusick et al. proposed a conjecture about the balancedness of elementary symmetric Boolean functions as follows.
Conjecture 1 [5] : There is no nonlinear balanced elementary symmetric Boolean function except for σ 2 t+1 l−1,2 t , where t and l are any positive integers.
The proof of Theorem 3 in [5] implies that σ 2 t+1 l−1,2 t is trivially balanced. Moreover, we shall show that all trivially balanced elementary symmetric Boolean functions are of the form σ 2 t+1 l−1,2 t in the following theorem.
Theorem 2: There is no trivially balanced elementary symmetric Boolean function except for σ 2 t+1 l−1,2 t , where t and l are any positive integers. 
. Let the binary expansions of d and n
It shows that k > t. We will prove that n = 2 t +1 l − 1 and d = 2 t by contradiction.
We first claim that d = 2 t . Otherwise, suppose that d t and d j are ones (i.e. d = 1 t · · · 1 j · · · ).
On the one hand, when i = 2 j , then d n − 2 j since d 2 j . It implies that n j = 0.
On the other hand, when i = 2 t , then d n − 2 t since d 2 t . It implies that n j = 1, which is a contradiction. Now we claim that n = 2 t +1 l −1 when d = 2 t . Otherwise, we then can suppose that n j is the first zero from the t-th bit to the least bit of the binary expantion of n. That is n = n k . . . n t +1 1 t . . . According to Theorem 2, Conjecture 1 is equivalent to the modified conjecture that all balanced elementary symmetric Boolean functions are trivially balanced. Together with Theorem 1 and Theorem 2, we conclude that there exists a sufficiently large integer n 0 such that Conjecture 1 holds for any n > n 0 (This result has also been obtained in [3] ).
V. CONCLUSION
In this paper, the balancedness of symmetric Boolean functions is investigated. We prove a conjecture that all balanced symmetric Boolean functions of fixed degree are trivially balanced when the number of variables is sufficiently large. As a consequence of this result, we prove that all trivially balanced elementary symmetric Boolean functions are of the form σ 2 t+1 l−1,2 t . Then we propose an equivalent version of Cusick et al.'s conjecture, namely that all balanced elementary symmetric Boolean functions are trivially balanced.
